It is shown, via a number of examples in linear algebra and control, optimization, and geometry, that the transversality theorem of differential topology is a useful tool for establishing genericity of a property which is a function of a finite number of real parameters.
Introduction
Consider P ( y ) , aproperty P which is afunction of y, a real finite-dimensional vector of parameters. Let y take values in Y , an open set. We will say, "property P(y) holds for a.a y E Y" ('a.a' denotin 'almost all') to mean that "the set, { y E Y : P y does not hold} has zero (Lebesgue) measure". If P rf y holds for a.a y E Y then we say that P is generic in
Y .
Hirsch and Smale [GI give a definition of genericity which is different from ours. They call a property there exists a differentiable function F : S x Y + 2 such that, for any given y E Y , P ( y ) holds iff F ( t , y) = 0 has (or, does not have) a solution, z E X. In such a situation, transversality theorem [5] , or, parametrized Sard's theorem [lo] as it is otherwise called, is a very useful tool for establishing that P is generic in Y. The aim of this paper is to illustrate this point via a nuniber of examples in linear algebra and control, optimization, and geometry. In many of these examples the genericity of the property involved is intuitively obvious and yet, establishing genericity by direct arguments is hard. In such situations the transversality theorem is a very useful tool.
The organization of the paper is as follows. In section 2 we state a simple version of the transversality theorem which suffices for all our examples. Examples from linear algebra and control, optimization, and geometry are given in sections 3, 4 and 5, respectively. Section 6 contains some concluding remarks.
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We end this section with a list of some notations used in the paper and an useful lemma on Lebesgue measure. E" will denote the n-dimensional Euclidean real space. If 2: E E" then xi =the i-th component o f t , tT =transpose of z, and diag(z) = n x n diagonal matrix whose i-th diagonal element is zi,
x 2 , . . . , z k ) will denote the vector, ((z')'l(t?)'I.. . I(rk)T)T E E". I,, is the n x n identity matrix and det(A) = determinant of the square matrix, A . Ck will denote the class of k-times continuously differentiable functions. If F : A + B where A and B are open in Ek and E' respectively, and F E C', then, for a E A, J F ( a ) will denote the Jacobian of F at a ; J F ( a ) is an 1 x k matrix. Also, if a1 E E k t is a subvector of CY formed by choosing some specified components of a, then Fa, ( a ) will denote the l x 61 matrix of partial derivatives of F with respect to the variables in c q evaluated at CY. In particular, JF(cu) = F,(a). I f f : E" + E , of(.) and fza. will respectively denote the n x 1 gradient and the n x n Hessian o f f evaluated at t . q5 will denote the null set.
The Let F E C'. We say that ( z , y ) E X x Y is a regular point of F if J F ( z , y ) has full row rank. Let 0 denote the origin in E N . We say that 0 is a regu- Given U , p ( . , a ) will have a non-distinct real root iff p ( . , a ) and p s ( . , a ) have a common real root. Let L = 1, X = E , M = n , I' = E", and N = 2. Define F by Examining the last two columns of we see that J F ( s , U ) always has rank two. By Corollary 2.1, { U : p ( s , a ) has a non-distinct real root} has measure zero in E". In that case we can take X = E\{O}, an open set in E , apply Corollary 2.1 and obtain that { ( a i , a j ) : p ( s , a ) has a non-distinct real root which is non-zero} is a set of measure zero in E'.
Example 3.4.
Consider the nonlinear autonomous system described by
where f : E" + E" and f E C2. Let us consider a perturbed system,
where A E EnX" and b E E" denote the parameters denoting the perturbation. Given hold: (i) each equilibrium point of (3.3) is isolated; and (ii) each equilibrium point of (3.3) is hyperbolic. Proof. We prove (i) using the transversality the- 
5). Then z is a local minimum of (4.2).
A point z E F(y) which satisfies conditions (i)-(iii) of KKT Theorm (NC) will be called as a K A T point. A corresponding A and p will be referred to as Lagrange multipliers associated with z. Following is the main result that we will prove using the transversality theorem. gj.(z) + 6, = 0}, i.e., the index set of active inequalities is the same for 2: and z. Since 1, the number of inequalities is finite, t,he number of active set types is also finite. Because of this and the fact that the kind of perturbations for equalities and inequalities is similar (i.e., each equality or inequality has a separate perturbation variable yi or 6, associated with it) it is sufficient if we prove the lemma for the problem with equalities only. (Note that the arguments for the 'equalities only' c s e can be repeated for each active set type and the resulting conclusions can be combined using Lemma 1.1.) Thus, for the rest of the proof given below, we assume no inequalities are present and take y = (a, 0, y). (c) Here we use the fact that L,, is singular iff 
Geometry
In the field of Computational Geometry, it is a common practice to make generic assumptions which help avoid troublesome situations that require special case by case analysis. In the literature these assumptions ate usually called as general position assumptions. In most papers the genericity of such assumptions is never established because it is intuitively obvious. In this section we take up three general position assumptions and establish their genericity using the transversality theorem.
Example 5.1. In the construction of the Voronoi diagram of points in E" [9, 31 the following general position assumption is usually made : {J?, . . . ,zk} (]E 2 n + 2), a given set of distinct data points in En have the property that there does not exist a sphere which contains ( n + 2 or more of the data points on it. We will use Corol I ary 2.1 to show z E E , i = 1 , . . . , I C . It is sufficient if we demonstrate the above for IC = n + 2 only because: the number of subsets of {z', . . . , z ' } with cardinality equal to ( n + 2) is finite; the ideas for { z ' , . . . , z " +~} can be repeated for each of these subsets; and, the genericity result for each of the subsets can be combined using Lemma 1.1 to yield the genericity result for {z', ..., 2 ' ) .
Let us consider the existence of a sphere, S = { y : (z -c )~( z -c) = r 2 ) which contains the z', i = 1 ,... ,n+2, on it. Let L = n + 1, X = E"+', + 2), y = (z', . . .,z"+') where hi : E" + E and hi E C2, i = 1 , . . . , n + 2. We will show that generically there will not exist a sphere with positive radius which will touch all the (n + 2)
surfaces. This property is useful in the construction of generalized Voronoi diagrams of nonlinear objects. To establish this property we consider the following perturbation of hi for each i = 1 , . . . , n + 2:
.T .
-. . If r = 0 is allowed then it corresponds to the condition that all the have a common point. By a slight change of the earlier arguments it can be shown that generically this also cannot occur. In fact it can be shown that, generically even (n + 1) surfaces will not intersect. Let PO = Po + { z } be a homothetic copy of Po.
If PO touches some Pi, i # 0, it will involve a vertex of one of {Pol P i } lying on an edge (line segment joining two consecutive vertices) of the other. Let us consider the occurence of three such touches. There are serveral ways in which the three touches can occur. We will take one difficult case and demonstrate below, genericity of the non-occurence of it. Repeating the ideas for each of the cases, which are finite in number, and using Lemma 1.1 then yields the overall result that we wish to prove. The case that we consider is the following. Let 
Conclusion
We have demonstrated, by way of examples in linear algebra and control, optimization, and geometry, that the transversality theorem of differential topology is a very useful tool for establishing the genericity of a property which is dependent on a finite number of real parameters and which is expressible using a system of nonlinear equations. Some of the results derived in this paper (e.g., Example 5.2) are non-trivial to establish by direct means, wit,hout resorting to the use of the transversality theorem. 
